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∫
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∫
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∫
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∫
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√
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∫

x lnxdx =

∣∣∣∣∣∣
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u = lnx v′ = 1

u′ =
1
x

v = x

∣∣∣∣∣∣ = x lnx −
∫
1 dx = x lnx − x+ c = x(lnx − 1) + c
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∫
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∫

x sinxdx =

∣∣∣∣∣ u = x v′ = sinx

u′ = 1 v = − cosx

∣∣∣∣∣ =
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∫
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∫
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∣∣∣∣∣∣
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2
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2
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∫
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∣∣∣∣∣ u = x2 v′ = ex
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∫
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∫
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∫
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∣∣∣∣∣ u = x v′ = ex+1
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xex+1 −
∫
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)
= 2(xex+1 − ex+1) + c =

2(x − 1)ex+1 + c
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∫
arctg xdx =

∣∣∣∣∣∣
u = arctg x v′ = 1

u′ =
1

x2 + 1
v = x

∣∣∣∣∣∣ = x arctg x −
∫

x

x2 + 1
dx =

∣∣∣∣∣ y = x2 + 1

dy = 2xdx

∣∣∣∣∣ =
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2

∫
1
y
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2
+ c = x arctg x − ln(x
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10.
∫
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∣∣∣∣∣∣
u = x v′ = e2x

u′ = 1 v =
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2

∣∣∣∣∣∣ = xe2x

2
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2

∫
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xe2x
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4
+ c =
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4
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∫
arcsinxdx =

∣∣∣∣∣∣
u = arcsinx v′ = 1

u′ =
1√
1− x2

v = x

∣∣∣∣∣∣ = x arcsinx −
∫

x√
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dx =

∣∣∣∣∣ y = 1− x2

dy = −2xdx
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1
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∫
1
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y
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√
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√
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12.
∫
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√
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∣∣∣∣∣∣
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√
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1

2
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v = x

∣∣∣∣∣∣ = x arctg
√
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∫ √

x
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dx =

∣∣∣∣∣∣∣
y =

√
x
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∣∣∣∣∣∣∣ =
x arctg

√
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∫
y
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√
x −

∫
(y2 + 1)− 1
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dy =

x arctg
√
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∫ (
1− 1
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)
dy = x arctg

√
x − y + arctg y + c = (x+ 1) arctg

√
x −

√
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13.
∫

x ln(x2 + 3) dx =

∣∣∣∣∣∣
u = ln(x2 + 3) v′ = x

u′ =
2x

x2 + 3
v =

x2

2

∣∣∣∣∣∣ = x2 ln(x2 + 3)
2

−
∫

x3

x2 + 3
dx =

x2 ln(x2 + 3)
2

− 1
2

∫
x2

x2 + 3
2xdx =

∣∣∣∣∣ y = x2 + 3

dy = 2xdx

∣∣∣∣∣ = x2 ln(x2 + 3)
2

− 1
2

∫
y − 3

y
dy =

x2 ln(x2 + 3)
2

− 1
2

∫ (
1− 3

y

)
dy =

x2 ln(x2 + 3)
2

− y

2
+
3
2
ln |y|+ c =

x2 ln(x2 + 3)
2

− x2 + 3
2
+
3
2
ln(x2 + 3) + c =

(x2 + 3) ln(x2 + 3)
2

− x2 + 3
2
+ c =

(x2 + 3)(ln(x2 + 3)− 1)
2
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IV. Racionální funkce

1.
∫
(x3 − 2)2

2x2
dx =

∫
x6 − 4x3 + 4
2x2

dx =
∫

x4

2
− 2x+ 2

x2
dx =

x5

10
− x2 − 2

x
+ c

2.
∫
5x+ 2
(x+ 3)2

dx =
∫
5x+ 15− 13
(x+ 3)2

dx =
∫

5
x+ 3

− 13
(x+ 3)2

dx = 5 ln |x+ 3|+ 13
x+ 3

+ c

3.
∫
2 + x2

(2x+ 1)3
dx =

∫ (
A

2x+ 1
+

B

(2x+ 1)2
+

C

(2x+ 1)3

)
dx

A(2x+ 1)2 +B(2x+ 1) + C = 2 + x2

x = − 12 :
x = −1 :
x = 0 :

C = 9
4

A − B + C = 3

A+B + C = 2

A − B = 3
4

A+B =− 14
A = 1

4 , B = − 12∫ ( 1
4

2x+ 1
+

− 12
(2x+ 1)2

+
9
4

(2x+ 1)3

)
dx =

ln |2x+ 1|
8

+
1

4(2x+ 1)
− 9
16(2x+ 1)2

+ c

4.
∫

dx
(3x − 4)4

=
1
3
· (3x − 4)−3

−3
+ c = − 1

9(3x − 4)3
+ c

5.
∫

x2 − 1
(x+ 2)2

dx =
∫ (
1 +

−4x − 5
(x+ 2)2

)
dx =

∫ (
1 +

A

x+ 2
+

B

(x+ 2)2

)
dx



(x2 − 1) : (x2 + 4x+ 4) = 1 + −4x − 5
x2 + 4x+ 4

−(x2 + 4x+ 4)
−4x − 5

A(x+ 2) +B = −4x − 5
x = −2 :
x = −1 :

B = 3

A+B =−1
A = −4∫ (

1− 4
x+ 2

+
3

(x+ 2)2

)
dx = x − 4 ln |x+ 2| − 3

x+ 2
+ c

6.
∫

x3

4− x2
dx = −1

2

∫
x2

4− x2
(−2x) dx =

∣∣∣∣∣ y = 4− x2

dy = −2xdx

∣∣∣∣∣ = −1
2

∫
4− y

y
dy = −1

2

∫ (
4
y
− 1
)
dy =

−1
2
(4 ln |y| − y) + c = −1

2

(
ln |4− x2| − (4− x2)

)
+ c = −2 ln |4− x2| − x2

2
+ c̃

7.
∫

1
x2 − x − 6

dx =
∫

1
(x+ 2)(x − 3)

dx =
∫ (

A

x+ 2
+

B

x − 3

)
dx

A(x − 3) +B(x+ 2) = 1
x = −2 :
x = 3 :

−5A= 1
5B = 1

A = − 15 , B =
1
5∫ ( − 15

x+ 2
+

1
5

x − 3

)
dx =

1
5

∫ (
1

x − 3
− 1

x+ 2

)
dx =

1
5
(ln |x − 3| − ln |x+ 2|) + c =

1
5
ln

∣∣∣∣x − 3
x+ 2

∣∣∣∣+ c

8.
∫

dx
x(x+ 1)

=
∫ (

A

x
+

B

x+ 1

)
dx

A(x+ 1) +Bx = 1
x = 0 :

x = −1 :
A= 1

−B = 1∫ (
1
x
− 1

x+ 1

)
dx = ln |x| − ln |x+ 1|+ c = ln

∣∣∣∣ x

x+ 1

∣∣∣∣+ c

9.
∫

x+ 1
x2 − 3x

dx =
∫

x+ 1
x(x − 3)

dx =
∫ (

A

x
+

B

x − 3

)
dx

A(x − 3) +Bx = x+ 1
x = 0 :

x = 3 :

−3A= 1
3B = 4

A = − 13 , B =
4
3∫ (− 13

x
+

4
3

x − 3

)
dx = −1

3
ln |x|+ 4

3
ln |x − 3|+ c =

1
3
ln
(x − 3)4

|x|
+ c

10.
∫

6− 3x
x2 − 2x − 8

dx =
∫

6− 3x
(x − 4)(x+ 2)

dx =
∫ (

A

x − 4
+

B

x+ 2

)
dx



A(x+ 2) +B(x − 4) = 6− 3x
x = 4 :

x = −2 :
6A=−6

−6B = 12
A = −1, B = −2∫ (

− 1
x − 4

− 2
x+ 2

)
dx = − ln |x − 4| − 2 ln |x+ 2|+ c

11.
∫

x2 + 2
x3 − 2x2 − 3x

dx =
∫

x2 + 2
x(x+ 1)(x − 3)

dx =
∫ (

A

x
+

B

x+ 1
+

C

x − 3

)
dx

A(x+ 1)(x − 3) +Bx(x − 3) + Cx(x+ 1) = x2 + 2
x = 0 :

x = −1 :
x = 3 :

−3A= 2

4B = 3

12C = 11

A = − 23 , B =
3
4 , C =

11
12∫ (− 23

x
+

3
4

x+ 1
+

11
12

x − 3

)
dx = −2

3
ln |x|+ 3

4
ln |x+ 1|+ 11

12
ln |x − 3|+ c

12.
∫

x+ 1
x3 − 4x

dx =
∫

x+ 1
x(x+ 2)(x − 2)

dx =
∫ (

A

x
+

B

x+ 2
+

C

x − 2

)
dx

A(x+ 2)(x − 2) +Bx(x − 2) + Cx(x+ 2) = x+ 1
x = 0 :

x = −2 :
x = 2 :

−4A= 1

8B =−1
8C = 3

A = − 14 , B = − 18 , C =
3
8∫ (− 14

x
+

− 18
x+ 2

+
3
8

x − 2

)
dx = −1

4
ln |x| − 1

8
ln |x+ 2|+ 3

8
ln |x − 2|+ c

13.
∫

dx
(x − 1)x2

=
∫ (

A

x − 1
+

B

x
+

C

x2

)
dx

Ax2 +B(x − 1)x+ C(x − 1) = 1
x = 1 :

x = 0 :

x = 2 :

A= 1

− C = 1

4A+ 2B + C = 1

B = −1∫ (
1

x − 1
− 1

x
− 1

x2

)
dx = ln |x − 1| − ln |x|+ 1

x
+ c

14.
∫

x − 1
(x+ 1)(x+ 2)2

dx =
∫ (

A

x+ 1
+

B

x+ 2
+

C

(x+ 2)2

)
dx

A(x+ 2)2 +B(x+ 1)(x+ 2) + C(x+ 1) = x − 1
x = −1 :
x = −2 :
x = 0 :

A=−2
− C =−3

4A+ 2B + C =−1
B = 2∫ (

−2
x+ 1

+
2

x+ 2
+

3
(x+ 2)2

)
dx = −2 ln |x+ 1|+ 2 ln |x+ 2| − 3

x+ 2
+ c



15.
∫

3x − 4
(x − 2)(x − 1)2

dx =
∫ (

A

x − 2
+

B

x − 1
+

C

(x − 1)2

)
dx

A(x − 1)2 +B(x − 2)(x − 1) + C(x − 2) = 3x − 4
x = 2 :

x = 1 :

x = 0 :

A= 2

− C =−1
A+ 2B − 2C =−4
B = −2∫ (
2

x − 2
− 2

x − 1
+

1
(x − 1)2

)
dx = 2 ln |x − 2| − 2 ln |x − 1| − 1

x − 1
+ c

16.
∫

dx
(x+ 1)(x2 + 1)

=
∫ (

A

x+ 1
+

Bx+ C

x2 + 1

)
dx

A(x2 + 1) + (Bx+ C)(x+ 1) = 1
x = −1 :
x = 0 :

x = 1 :

2A= 1

A+ C = 1

2A+ 2B + 2C = 1

A = 1
2 , B = − 12 , C =

1
2

1
2

∫ (
1

x+ 1
+
1− x

x2 + 1

)
dx =

1
2

(
ln |x+ 1|+

∫ (
1

x2 + 1
− x

x2 + 1

)
dx

)
=

1
2

(
ln |x+ 1|+ arctg x − 1

2

∫
2x

x2 + 1
dx

)
=

∣∣∣∣∣ y = x2 + 1

dy = 2xdx

∣∣∣∣∣ = 12
(
ln |x+ 1|+ arctg x − 1

2

∫
1
y
dy

)
=

1
2

(
ln |x+ 1|+ arctg x − ln |y|

2

)
+ c =

1
2

(
ln |x+ 1|+ arctg x − ln(x

2 + 1)
2

)
+ c

17.
∫

x2 − 2
x2 + x − 2

dx =
∫ (
1 +

−x

x2 + x − 2

)
dx =

∫ (
1 +

A

x − 1
+

B

x+ 2

)
dx

(x2 − 2 ) : (x2 + x − 2) = 1 + −x

x2 + x − 2
−(x2 + x − 2 )

− x

A(x+ 2) +B(x − 1) = −x

x = 1 :

x = −2 :
3A=−1

−3B = 2

A = − 13 , B = − 23∫ (
1 +

− 13
x − 1

+
− 23

x+ 2

)
dx = x − ln |x − 1|

3
− 2 ln |x+ 2|

3
+ c

18.
∫

x3 + 3
x2 − 3x

dx =
∫ (

x+ 3 +
9x+ 3
x2 − 3x

)
dx =

∫ (
x+ 3 +

A

x
+

B

x − 3

)
dx

(x3 + 3) : (x2 − 3x) = x+ 3 +
9x+ 3
x2 − 3x

−(x3 − 3x2)
3x2 + 3

−(3x2 − 9x)
9x+ 3



A(x − 3) +Bx = 9x+ 3
x = 0 :

x = 3 :

−3A= 3

3B = 30

A = −1, B = 10∫ (
x+ 3− 1

x
+
10

x − 3

)
dx =

x2

2
+ 3x − ln |x|+ 10 ln |x − 3|+ c

19.
∫

x3 − 1
4x3 − x

dx =
∫ (

1
4
+

x
4 − 1
4x3 − x

)
dx =

∫ (
1
4
+

A

x
+

B

2x − 1
+

C

2x+ 1

)
dx

(x3 − 1) : (4x3 − x) = 1
4 +

x
4 − 1
4x3 − x

−(x3 − x
4 )
x
4 − 1

A(2x − 1)(2x+ 1) +Bx(2x+ 1) + Cx(2x − 1) = x

4
− 1

x = 0 :

x = 1
2 :

x = − 12 :

−A= −1
B =− 78
C =− 98∫ (

1
4
+
1
x
+

− 78
2x − 1

+
− 98
2x+ 1

)
dx =

x

4
+ ln |x| − 7

16
ln |2x − 1| − 9

16
ln |2x+ 1|+ c

20.
∫

x+ 2
x2 − 2

dx =
∫ (

A

x −
√
2
+

B

x+
√
2

)
dx

A(x+
√
2) +B(x −

√
2) = x+ 2

x =
√
2 :

x = −
√
2 :

2
√
2A=

√
2 + 2

−2
√
2B =−

√
2 + 2

A = 1+
√
2

2 , B = 1−
√
2

2∫ ( 1+
√
2

2

x −
√
2
+

1−
√
2

2

x+
√
2

)
dx =

1 +
√
2

2
ln |x −

√
2|+ 1−

√
2

2
ln |x+

√
2|+ c

21.
∫
3x+ 1
x3 − 1

dx =
∫ (

A

x − 1
+

B(2x+ 1)
x2 + x+ 1

+
C

x2 + x+ 1

)
dx

A(x2 + x+ 1) +B(2x+ 1)(x − 1) + C(x − 1) = 3x+ 1
x = 1 :

x = − 12 :
x = 0 :

3A= 4
3
4A − 3

2C =− 12
A − B − C = 1

A = 4
3 , B = − 23 , C = 1∫ ( 4

3

x − 1
+

− 23 (2x+ 1)
x2 + x+ 1

+
1

x2 + x+ 1

)
dx =

4
3
ln |x− 1| − 2

3
ln(x2 + x+ 1) +

∫
1

(x+ 12 )
2 + 34

dx =

2
3
ln
(x − 1)2

x2 + x+ 1
+
4
3

∫
1(

2x+1√
3

)2
+ 1
dx =

2
3
ln
(x − 1)2

x2 + x+ 1
+
4
3
·
arctg 2x+1√

3
2√
3

+ c =

2
3
ln
(x − 1)2

x2 + x+ 1
+
2√
3
arctg

2x+ 1√
3
+ c



V. Iracionální funkce

1.
∫

1

x
√

x − 4
dx =

∣∣∣∣∣∣∣
y =

√
x − 4

x = y2 + 4

dx = 2y dy

∣∣∣∣∣∣∣ =
∫

1
(y2 + 4)y

2y dy = 2
∫

1
y2 + 4

dy =
1
2

∫
1(

y
2

)2
+ 1
dy =

1
2

arctg y
2

1
2

+ c = arctg

√
x − 4
2

+ c

2.
∫

dx
(
√

x+ 1)3
=

∣∣∣∣∣∣∣
y =

√
x+ 1

x = (y − 1)2

dx = 2(y − 1) dy

∣∣∣∣∣∣∣ =
∫
1
y3
2(y − 1) dy = 2

∫ (
y−2 − y−3

)
dy = −2

y
+
2
2y2
+ c =

1
(
√

x+ 1)2
− 2√

x+ 1
+ c

3.
∫

dx
x − 3

√
x
=

∣∣∣∣∣∣∣
y = 3

√
x

x = y3

dx = 3y2 dy

∣∣∣∣∣∣∣ =
∫

1
y3 − y

3y2 dy =
3
2

∫
2y

y2 − 1
dy =

∣∣∣∣∣ t = y2 − 1
dt = 2y dy

∣∣∣∣∣ = 32
∫
1
t
dt =

3
2
ln |t|+ c =

3
2
ln |y2 − 1|+ c =

3
2
ln |x 23 − 1|+ c

4.
∫
1 +

√
x

1−
√

x
dx =

∣∣∣∣∣∣∣
y = 1−

√
x

x = (1− y)2

dx = 2(y − 1) dy

∣∣∣∣∣∣∣ =
∫
2− y

y
2(y − 1) dy = 2

∫
3y − y2 − 2

y
dy =

2
∫ (
3− y − 2

y

)
dy = 6y − y2 − 4 ln |y|+ c = 6(1−

√
x)− (1−

√
x)2 − 4 ln |1−

√
x|+ c =

6− 6
√

x − (1− 2
√

x+ x)− 4 ln |1−
√

x|+ c = −x − 4
√

x − ln(1−
√

x)4 + c̃

5.
∫

x

(x − 1)
√

x − 3
dx =

∣∣∣∣∣∣∣
y =

√
x − 3

x = y2 + 3

dx = 2y dy

∣∣∣∣∣∣∣ =
∫

y2 + 3
(y2 + 2)y

2y dy = 2
∫ (
1 +

1
y2 + 2

)
dy =

2y +
∫

1(
y√
2

)2
+ 1
dy = 2y +

arctg y√
2

1√
2

+ c = 2
√

x − 3 +
√
2 arctg

√
x − 3
2
+ c

6.
∫

x3√
1− x2

dx = −1
2

∫
x2√
1− x2

(−2x) dx =

∣∣∣∣∣ y = 1− x2

dy = −2xdx

∣∣∣∣∣ = −1
2

∫
1− y
√

y
dy =

1
2

∫ (
√

y − 1
√

y

)
dy =

1
2

(
y
3
2

3
2

− y
1
2

1
2

)
+ c =

√
y
(y

3
− 1
)
+ c =

√
1− x2

(
1− x2

3
− 1
)
+ c =

−1
3

√
1− x2(x2 + 2) + c

7.
∫

3
√

x

1− 3
√

x
dx =

∣∣∣∣∣∣∣
y = 1− 3

√
x

x = (1− y)3

dx = −3(1− y)2 dy

∣∣∣∣∣∣∣ =
∫
1− y

y

(
−3(1− y)2

)
dy = 3

∫
y3 − 3y2 + 3y − 1

y
dy =

3
∫ (

y2 − 3y + 3− 1
y

)
dy = y3 − 9

2
y2 + 9y − 3 ln |y|+ c =



(1− 3
√

x)3 − 9
2
(1− 3

√
x)2 + 9(1− 3

√
x)− 3 ln |1− 3

√
x|+ c

8.
∫ √

3 + 2x
x+ 3

dx =

∣∣∣∣∣∣∣∣∣
y =

√
3 + 2x

x =
y2 − 3
2

dx = y dy

∣∣∣∣∣∣∣∣∣ =
∫

y
y2−3
2 + 3

y dy = 2
∫

y2

y2 + 3
dy =

2
∫ (

y2 + 3
y2 + 3

− 3
y2 + 3

)
dy = 2

∫ 1− 1(
y√
3

)2
+ 1

 dy = 2(y −
arctg y√

3
1√
3

)
+ c =

2

(
y −

√
3 arctg

y√
3

)
+ c = 2

(
√
3 + 2x −

√
3 arctg

√
1 +
2
3
x

)
+ c

9.
∫

dx
x( 3
√

x − 1)
=

∣∣∣∣∣∣∣
y = 3

√
x − 1

x = (y + 1)3

dx = 3(y + 1)2 dy

∣∣∣∣∣∣∣ =
∫

1
(y + 1)3y

3(y + 1)2 dy = 3
∫

1
(y + 1)y

dy =

3
∫ (

A

y
+

B

y + 1

)
dy

A(y + 1) +By = 1
y = 0 :

y = −1 :
A= 1

−B = 1

3
∫ (

1
y
− 1

y + 1

)
dy = 3(ln |y| − ln |y + 1|) + c = 3 ln

∣∣∣∣1− 1
3
√

x

∣∣∣∣+ c

10.
∫

6
√

x+ 1
6
√

x7 + 3
√

x4
dx =

∫
6
√

x+ 1
6
√

x7 + 6
√

x8
dx =

∫
6
√

x+ 1
6
√

x7(1 + 6
√

x)
dx =

∫
x−

7
6 dx =

x−
1
6

− 16
+ c = − 6

6
√

x
+ c

11.
∫

3
√

x

x+ 6
√

x5
dx =

∣∣∣∣∣∣∣
y = 6

√
x

x = y6

dx = 6y5 dy

∣∣∣∣∣∣∣ =
∫

y2

y6 + y5
6y5 dy = 6

∫
y2

y + 1
dy = 6

∫ (
y − 1 + 1

y + 1

)
dy =

6

(
y2

2
− y + ln |y + 1|

)
+ c = 3

(
3
√

x − 2 6
√

x+ ln( 6
√

x+ 1)2
)
+ c

12.
∫

x 3
√
3x+ 1dx =

∣∣∣∣∣∣∣∣∣
y = 3

√
3x+ 1

x =
y3 − 1
3

dx = y2 dy

∣∣∣∣∣∣∣∣∣ =
∫

y3 − 1
3

y y2 dy =
1
3

∫ (
y6 − y3

)
dy =

1
3

(
y7

7
− y4

4

)
+ c =

1
84

y4(4y3 − 7) + c =
1
84
(3x+ 1) 3

√
3x+ 1 (4(3x+ 1)− 7) + c =

1
28
(3x+ 1)(4x − 1) 3

√
3x+ 1 + c

13.
∫ √

9− x2 dx =

∣∣∣∣∣∣∣∣
x = 3 sin y

dx = 3 cos y dy

y = arcsin
x

3

∣∣∣∣∣∣∣∣ =
∫ √

9− 9 sin2 y 3 cos y dy = 9
∫
cos2 y dy =

9
2

∫
(1 + cos 2y) dy =

9
2

(
y +
sin 2y
2

)
+ c =

9
2

(
arcsin

x

3
+ sin

(
arcsin

x

3

)
cos
(
arcsin

x

3

))
+ c =



9
2

(
arcsin

x

3
+

x

3

√
1− sin2 arcsin x

3

)
+ c =

9
2

(
arcsin

x

3
+

x

3

√
1−

(x

3

)2)
+ c =

1
2

(
9 arcsin

x

3
+ x
√
9− x2

)
+ c

14.
∫

dx

x2
√
1− x2

=

∣∣∣∣∣∣∣
x = sin y

dx = cos y dy

y = arcsinx

∣∣∣∣∣∣∣ =
∫

1

sin2 y
√
1− sin2 y

cos y dy =
∫

1

sin2 y
dy = − cotg y + c =

− cotg(arcsinx) + c = −cos(arcsinx)
sin(arcsinx)

+ c = −

√
1− sin2(arcsinx)

x
+ c = −

√
1− x2

x
+ c

15.
∫ √

1− x2

x2
dx =

∣∣∣∣∣∣∣
x = sin y

dx = cos y dy

y = arcsinx

∣∣∣∣∣∣∣ =
∫ √

1− sin2 y

sin2 y
cos y dy =

∫
cos2 y

sin2 y
dy =

∫
1− sin2 y

sin2 y
dy =

∫ (
1

sin2 y
− 1
)
dy = − cotg y−y+c = − cotg(arcsinx)−arcsinx+c = −cos(arcsinx)

sin(arcsinx)
−arcsinx+c =

−

√
1− sin2(arcsinx)

x
− arcsinx+ c = −

√
1− x2

x
− arcsinx+ c

VI. Různé integrály

1.
∫

cosx

sin2 x+ 4 sinx
dx =

∣∣∣∣∣ y = sinx

dy = cosxdx

∣∣∣∣∣ =
∫

1
y2 + 4y

dy =
∫ (

A

y
+

B

y + 4

)
dy

A(y + 4) +By = 1
y = 0 :

y = −4 :
4A= 1

−4B = 1
A = 1

4 , B = − 14∫ ( 1
4

y
+

− 14
y + 4

)
dy =

1
4
(ln |y| − ln |y+4|)+ c =

1
4
(ln | sinx| − ln | sinx+4|)+ c =

1
4
ln

∣∣∣∣ sinx

sinx+ 4

∣∣∣∣+ c

2.
∫
sin4 xdx =

∫ (
1− cos 2x
2

)2
dx =

1
4

∫ (
1− 2 cos 2x+ cos2 2x

)
dx =

1
4

∫ (
1− 2 cos 2x+ 1− cos 4x

2

)
dx =

1
4

∫ (
3
2
− 2 cos 2x+ cos 4x

2

)
dx =

1
4

(
3
2
x − sin 2x+ sin 4x

8

)
+ c =

3x
8

− sin 2x
4
+
sin 4x
32

+ c

3.
∫
cos3 xdx =

∫
(1−sin2 x) cosxdx =

∣∣∣∣∣ y = sinx

dy = cosxdx

∣∣∣∣∣ =
∫
(1−y2) dy = y− y3

3
+c = sinx− sin

3 x

3
+c

4.
∫
sin5 xdx =

∫
(1−cos2 x)2 sinxdx =

∣∣∣∣∣ y = cosx

dy = − sin y dx

∣∣∣∣∣ = −
∫
(1−y2)2 dy = −

∫
(1−2y2+y4) dy =

−y +
2y3

3
+

y5

5
+ c = − cosx+ 2 cos

3 x

3
+
cos5 x

5
+ c



5.
∫

4
3 + 5 cosx

dx =

∣∣∣∣∣∣∣∣∣∣
y = tg

x

2
x = 2arctg y

dx =
2

1 + y2
dy

∣∣∣∣∣∣∣∣∣∣
=
∫

4

3 + 5 1−y2

1+y2

· 2
1 + y2

dy =
∫

8
8− 2y2

dy =
∫

4
4− y2

dy =

∫ (
A

2− y
+

B

2 + y

)
dy

A(2 + y) +B(2− y) = 4
y = 2 :

y = −2 :
4A= 4

4B = 4

A = B = 1∫ (
1
2− y

+
1
2 + y

)
dy = − ln |2− y|+ ln |2 + y|+ c = ln

∣∣∣∣2 + y

2− y

∣∣∣∣+ c = ln

∣∣∣∣2 + tg x
2

2− tg x
2

∣∣∣∣+ c

6.
∫

1
1− sinx

dx =
∫
1 + sinx

1− sin2 x
dx =

∫ (
1

cos2 x
+
sinx

cos2 x

)
dx = tg x −

∫
− sinx

cos2 x
dx =

∣∣∣∣∣ y = cosx

dy = − sinxdx

∣∣∣∣∣ = tg x −
∫
1
y2
dy = tg x+

1
y
+ c = tg x+

1
cosx

+ c =
sinx+ 1
cosx

+ c

7.
∫
cosx+ 2 sinx

cosx − sinx
dx =

∫
cosx

(
1 + 2 sin x

cos x

)
cosx

(
1− sin x

cos x

) dx = ∫ 1 + 2 tg x

1− tg x
dx =

∣∣∣∣∣∣∣∣∣
y = tg x

x = arctg y

dx =
dy
1 + y2

∣∣∣∣∣∣∣∣∣ =∫
1 + 2y
1− y

· 1
1 + y2

dy =
∫ (

A

1− y
+
2By

1 + y2
+

C

1 + y2

)
dy

A(1 + y2) + 2By(1− y) + C(1− y) = 1 + 2y
x = 1 :

x = 0 :

x = −1 :

2A= 3

A+ C = 1

2A − 4B + 2C =−1
A = 3

2 , B =
3
4 , C = − 12∫ ( 3

2

1− y
+
3
4 · 2y
1 + y2

+
− 12
1 + y2

)
dy = −3

2
ln |1− y|+ 3

4
ln(1 + y2)− 1

2
arctg y + c =

−3
2
ln |1−tg x|+3

4
ln(1+tg2 x)− 1

2
arctg tg x+c = −3

2
ln

∣∣∣∣cosx − sinx

cosx

∣∣∣∣+34 ln sin2 x+ cos2 x

cos2 x
−x

2
+c =

−3
2
ln

∣∣∣∣cosx − sinx

cosx

∣∣∣∣− 32 ln | cosx| − x

2
+ c = −3

2
ln

(∣∣∣∣cosx − sinx

cosx

∣∣∣∣ · | cosx|)− x

2
+ c =

−3
2
ln | cosx − sinx| − x

2
+ c

8.
∫
sinx − 1
cosx+ 1

dx =

∣∣∣∣∣∣∣∣∣∣
y = tg

x

2
x = 2arctg y

dx =
2

1 + y2
dy

∣∣∣∣∣∣∣∣∣∣
=
∫ 2y

1+y2 − 1
1−y2

1+y2 + 1
· 2
1 + y2

dy =
∫
2y − (1 + y2)
1 + y2

dy =

∫ (
2y
1 + y2

− 1
)
dy =

∣∣∣∣∣ t = 1 + y2

dt = 2y dy

∣∣∣∣∣ =
∫
1
t
dt − y = ln |t| − y + c = ln

(
1 + tg2

x

2

)
− tg x

2
+ c =



ln
sin2 x

2 + cos
2 x
2

cos2 x
2

− tg x

2
+ c = −2 ln

∣∣∣cos x

2

∣∣∣− tg x

2
+ c

Alternativně:∫
sinx − 1
cosx+ 1

dx =
∫ (

sinx

cosx+ 1
− 1
cosx+ 1

)
dx =

∫
sinx

cosx+ 1
dx −

∫
1

2 cos2 x
2

dx =

∣∣∣∣∣ y = cosx+ 1

dy = − sinxdx

∣∣∣∣∣ =
∫
1
y
dy − 1

2

tg x
2
1
2

= ln |y| − tg x

2
= ln | cosx+ 1| − tg x

2
+ c

9.
∫

cosx
cosx − 1

dx =
∫ (

cosx − 1
cosx − 1

+
1

cosx − 1

)
dx =

∫ (
1− 1

2 sin2 x
2

)
dx = x+

1
2

cotg x
2

1
2

+ c =

x+ cotg
x

2
+ c

10.
∫

e3x

ex + 1
dx =

∣∣∣∣∣ y = ex + 1

dy = ex dx

∣∣∣∣∣ =
∫
(y − 1)2

y
dy =

∫
y2 − 2y + 1

y
dy =

∫ (
y − 2 + 1

y

)
dy =

y2

2
−2y+ln |y|+ c =

(ex + 1)2

2
−2(ex+1)+ ln |ex+1|+ c =

e2x

2
+ ex+

1
2
−2ex −2+ ln |ex+1|+ c =

e2x

2
− ex + ln |ex + 1|+ c̃

11.
∫

ex

e3x + 1
dx =

∣∣∣∣∣ y = ex

dy = ex dx

∣∣∣∣∣ =
∫

1
y3 + 1

dy =
∫

1
(y + 1)(y2 − y + 1)

dy =

∫ (
A

y + 1
+

B(2y − 1)
y2 − y + 1

+
C

y2 − y + 1

)
dy

A(y2 − y + 1) +B(2y − 1)(y + 1) + C(y + 1) = 1
x = −1 :
x = 1

2 :

x = 0 :

3A= 1
3
4A+

3
2C = 1

A − B + C = 1

A = 1
3 , B = − 16 , C =

1
2∫ ( 1

3

y + 1
+

− 16 (2y − 1)
y2 − y + 1

+
1
2

y2 − y + 1

)
dy =

1
3
ln |y+1|− 1

6
ln(y2−y+1)+

1
2

∫
1(

y − 1
2

)2
+ 34
dy =

1
6
ln
(y + 1)2

y2 − y + 1
+
2
3

∫
1(

2y−1√
3

)2
+ 1
dy =

1
6
ln
(y + 1)3

y3 + 1
+
2
3

arctg 2y−1√
3

2√
3

+ c =

1
6
ln
(y + 1)3

y3 + 1
+
1√
3
arctg

2y − 1√
3
+ c =

1
6
ln
(ex + 1)3

e3x + 1
+
1√
3
arctg

2ex − 1√
3
+ c

12.
∫
(3 + ln2 x) dx =

∣∣∣∣∣∣
u = 3 + ln2 x v′ = 1

u′ =
2 lnx

x
v = x

∣∣∣∣∣∣ = x(3 + ln2 x)− 2
∫
lnxdx =

∣∣∣∣∣∣
u = lnx v′ = 1

u′ =
1
x

v = x

∣∣∣∣∣∣ =
x(3 + ln2 x)− 2

(
x lnx −

∫
1 dx

)
= x(3 + ln2 x)− 2x lnx+ 2x+ c = x(ln2 x − 2 lnx+ 5) + c


